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Abstract
Insurance contracts have always been challenging for many years. Default risk is possible for insurance
companies and that will aﬀect investor’s decisions. The purpose of this article is to price a participating
life insurance contract in presence of default risk of the insurance company in a partially observed market.
Two cases are considered. At first, we consider the company’s default occurs simultaneously within the
maturity. In the second case, we suppose the default occurred prior to the maturity. In the next step, we
change the partially observed problem to a complete observed one. This is done by filtering and measure
change techniques. Finally, we calculate the valuation of insurance contract as a complete observed
problem. This pricing is obtained by using the pricing of an up-and-out call option that is one type of
barrier options.
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Introduction

Our purpose is to price a life insurance contract value in a model with two agents: policyholders and
shareholders. In this model, the policyholder and insurance company are investment partners in a way that
if the firm reaches a special level, the policyholder gets a percentage from the profit of the company. We
consider two cases for our model: the default which occurs in the maturity or before maturity. In the case
which the default occurs before the maturity, the time when the company’s equity be less than the barrier
is the time when we predict the company has defaulted. This dividend is important because we manage the
default risk. In the case of the company’s default risk is managed, if the company defaults, it can adopt
policies for the amount of payments to the policyholders and shareholders. In addition, the value of the
insurance contract will be changed after the default.
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The model

Suppose (Ω, F, P ) is a complete probability space, where P is the real-world probability measure. Let Υ
denote time index [0, T ]. Let {Wt }t∈Υ denote a standard Brownian motion on the probability space with
respect to its natural filtration F W := {FtW }t∈Υ . The state of an economy augmented by a continuous-time
hidden Markov chain process {Xt }t∈Υ on (Ω, F, P ) with a finite state space χ := (x1 , x2 , · · · , xN ). We
suppose that {Xt }t∈Υ and {Wt }t∈Υ are independent. Since the market is partially observed or incomplete,
the economy state is modeled by ”hidden” Markov chain.
We consider an insurance company with two types of agents, policyholders and shareholders. The company
is without debt and its time horizon is finite (in time T ). Suppose that A0 is the asset initial value and
L0 = αA0 is the initial investment of policyholders (a part of assets of the company provided by the
investment of policyholders), E0 = (1 − α)A0 is the initial equity, and At is the asset value in time t. We
assume that the asset value evolves according to a geometric Brownian motion,
dAt = µt At dt + σt At dWtP ,
Where the expected growth rate µt and the volatility σt of the market value of the insurance company’s
asset depend on {Xt }t∈Υ are described by: µt =< µ, Xt >, σt =< σ, Xt >.
In addition, we suppose the riskless interest rate is stochastic and the dynamics of the price process {Bt }t∈Υ
for the bank account is described by:

dBt = rt Bt dt,

B0 = 1.

At
Suppose that Yt denote the logarithmic return ln( A
) from the asset over the time interval [0, t]. Write
0

{FtX }t∈Υ and {FtY }t∈Υ for the P -augmentation of the natural filtration generated by {Xt }t∈Υ and {Yt }t∈Υ ,
respectively. {FtY }t∈Υ is the available information but since {Xt }t∈Υ is not directly observable, {FtX }t∈Υ is
unavailable.

2.1

The company defaults within the maturity

According [1], we consider a multilevel model for the amount of money which the insurance company pays
to the policyholders in the case of the default within the maturity. we analyzed the cases which default
occurs simultaneously with maturity:
In the case AT < LgT , the company is insolvent and is able to utmost pay AT to the policyholders and nothing
to the equity holders. In the cases LgT ≤ AT <

LgT
α1

or

LgT
αi

≤ AT <

LgT
αi+1

for i = 1, · · · , n, the company is able

to fulfill its commitments and it is possible to pay a guaranteed amount of money to the policyholders and
equity holders. This amount of money is depended on the insurance company’s asset value. And if AT ≥

LgT
α

,

the policyholders receive a bonus for their participation in the company’s investments. This bonus known
as the participation coeﬃcient is a coeﬃcient of a call option bought by policyholders with maturity price
LgT .
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The policyholders eventually receive ΘL (T ) in duration of T , assuming no prior bankruptcy concisely
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(1)

where 1 > α1 > α2 > · · · > αn . briefly:
ΘL (T ) = LgT + δ1 (α1 AT − LgT )+ + δ2 (α2 AT − LgT )+ + ... + δn (αn AT − LgT )+ − (LgT − AT )+ .

2.2

(2)

The company defaults prior to the maturity

In the case of default prior to the maturity, we choose a barrier Bt exponentially (because we ensure the
default to be occurred in T ).
the company pursues its activities until T if
∀t ∈ [0, T ],

At > λL0 erg t ≜ Bt ,

if not, it is declared bankrupt.
Suppose τ to be the default time, the first time when At hits the barrier Bt ,
τ := inf{t ∈ [0, T ], At < Bt }.
Depending on λ, diﬀerent cases may occur for the company. If λ ⩾ 1, the firm is able to pay back the money
with the guaranteed rate rg to the policyholders. The residual capital (equal to (λ − 1)L0 erg τ can be used
to pay bankruptcy costs or can be distributed between shareholders. If λ < 1, the firm is totally insolvent
and unable to meet its commitments [5].
Generally, the amount of money that policyholders receive in case of early default is:
ΘL (τ ) = min(λ, 1)Lgτ .

3

Changing the partially observed problem to a complete observed
problem

The valuation of the life insurance contract as a partially observed problem have the below form
V (At , t) = e−r(T −t) EtQ [ΘL (T )Iτ >T |FtY ] + E Q [e−r(τ −t) ΘL (τ )|FtY ],

(3)

where EtQ denotes expectation with respect to the risk-neutral measure, Q, conditional on the available
information until time t.
Using arbitrage theory in continuous time, in an arbitrage-free market, a risk-neutral probability measure
exists. The market described by the Markov-modulated GBM model is incomplete in general and, hence,
the martingale measure is not unique. According [3], We use a regime switching random Esscher transform
to determine an equivalent martingale pricing measure.
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We define {G}t∈Υ as the σ-field FtX ∨ FtY . Let θt := θ(t, Xt ) denote the regime switching Esscher parameter,
which can be written as follows:
θt =< θ, Xt >,
where θ := (θ1 , θ2 , · · · , θN ) ∈ RN . According [], the regime-switching Esscher transform Qθ measure equivalent to P on Gt is defined by:

∫t
exp( 0 θs dYs )
dQθ
|Gt =
∫t
dP
EP [exp( 0 θs dYs )|FtX ]

The Radon-Nikodym derivative of the regime-switching Esscher transform is given by
∫
∫ t
dQθ
1 t 2 2
θ σ ds).
|Gt = exp( θs σs dWs −
dP
2 0 s s
0
Let {θ̃t }t≥0 denote a family of risk-neutral regime switching Esscher parameters.According to the asset
pricing fundamental theorem, the lack of arbitrage opportunities is substantially equivalent to the existence
of an equivalent martingale measure under which the discounted stock price process is a martingale. The
market is partially observed. It mean that the economy state {Xt }t∈Υ is not adapted with respect to
the available information or the observations. Then we must change the problem to a complete observed
problem. Here, the martingale condition is given by considering an enlarged filtration as follows:
∫ t
rs ds)At |FtX ]
for any t ∈ Υ
A0 = EQθ [exp(−
0

As in [6], we can determine θ̃t uniquely from the martingale condition:
θ̃t =
where λt :=

µt −rt
σt

rt − µt
λt
=− ,
2
σt
σt

is the market price of risk or unit risk premium of the reference asset at time t.

Let {G̃}t∈Υ denote the σ-field FTX ∨ FtY , for any t ∈ Υ. From the martingale condition, the Radon-Nikodym
derivative of the risk-neutral regime switching Esscher measure Qθ̃ is given by:
∫ t
∫
dQθ̃
rs − µs
1 t rs − µs 2
|Gt = exp[ (
)dWs −
(
) ds].
dP
σs
2 0
σs
0
∫t
Q
s
By Girsanovs theorem, the process Wt θ̃ = WtP + 0 rsσ−µ
ds is a standard Brownian motion with respect
s
to {G̃t }t∈τ under Qθ̃ . Hence, the market values of the insurance company’s asset under Qθ̃ can be written
as
Q

dAt = rt At dt + σt At dWt θ̃ .
It can be seen that a maximization problem including partial information is needed to solve because the
regime Xt is not directly observable and the policies can only be based on past information of the insurance
company’s asset prices. The transformation of it into a control problem of fully observed is our approach.
Now, the partially observed problem is reduced to a complete observed problem by filtering.
According [2], We suppose the unit simplex in RN is denoted by:
∆N −1 = {(d1 , d2 , · · · , dN ) : d1 + d2 + · · · + dN = 1, di ≥ 0, i = 1, · · · , N }.
For a vector l = (l1 , · · · , lN ) ∈ RN , the associated mapping ˆl : ∆N −1 −→ R is defined as follows:
ˆl(d) :=

N
∑
i=1

li di .

(4)
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In addition, the filter probability that the regime Xt is ei at time t, conditional on the filtration GtI , is
denoted by
pit := P[Xt = ei |GtI ],

i = 1, · · · , N.

(5)

We have the useful relationship
EP [< l, Xt > |GtI ] = pˆt
Now by filtering, we obtain the complete observed problem. According the last equations, we have
A(t, pt ) =

N
∑

1

A(t, ei )pit = er̂(pt )t− 2 σ̂

2 (p )+σ̂(p )W Qθ
t
t
t

(6)

i=1

Then the valuation of the life insurance contract is depended on A(t.Pt ) and the problem is complete
observed. In fact, the problem is equivalent to the valuation of barrier options of type standard knockout
call option with a maturity date T , the asset price A(t, pt ) and the exercise price

LgT
αi

, a fixed amount and a

European put option. One of arbitrage free price of our life insurance contract at time t was explained in
[5].
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