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Abstract
Inspired by recent advances in the application of the Multilevel Monte-Carlo (MLMC) approach to
Lévy driven assets, we benefit this method to price European and Asian options for the Merton jumpdiffusion model. We first explain the idea of MLMC scheme and its variants: strong (classical) and weak.
Additionally, theoretical results are confirmed by numerical experiments. We use weak Euler scheme to
numerically estimate the asset and apply weak MLMC method to price the option.
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Introduction

Introduced by M. Giles [3] the MLMC method is a way to efficiently distribute the computational complexity
caused by the variance and the bias over a series of levels. In contrast, the standard Monte-Carlo (MC)
method deals with these two problems at the same time.
To show the idea assume a filtered probability space (Ω, F, (Ft )t≥0 , P) in which we have a n-dimensional
process (Xt )t≥0 , which solves the following Lévy-driven stochastic differential equation (SDE)
dXt = a(Xt− )dZt ,

(1)

with X0 being a known Rn -valued random variable, Zt = (Zt,1 , . . . , Zt,q ), t ≥ 0 is a q-dimensional Lévy
process and the mapping a : Rn → Rn × Rq is Lipschitz continuous and satisfies the linear growth condition
such that the solution exists and is unique [5].
We are not interested in the solution of (1) per se. but rather the expectation of a functional hereof, i.e.:
P = E[f (XT )],

(2)

which gives the fair price of the option based on the payoff f on the asset X, or for short, just the price
[2, 4]. Using the numerical approximation Xt∆ with stepsize ∆ = T /2L instead and expanding (2) into a
telescopic sum we obtain:
P̃ ∆ = E[f (XTT )]
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It is typical to denote equation (3) as level l = 0, equation (4) as level l = 1, etc. equation (7) as level
l = L.
Rather than taking the real expectation we apply an approximation Θl with Ml paths, e.g. the average
of i.i.d. paths and obtain
P̃ ∆ = Θ0 (f (XTT ))


T /2
+ Θ1 f (XT ) − f (XTT )


T /4
T /2
+ Θ2 f (XT ) − f (XT )
..
.

+ ΘL f (XT∆ ) − f (XT2∆ ) .


T /2l
T /2l−1
for brevity denote Θl f (XT ) − f (XT
) = Θ̂l , l=0,. . . ,L.
This idea has 2 main benefits:
• A lot of the paths can be simulated where they are cheap, i.e. l small,
• If the stepsize has to be reduced, we do not have to throw already calculated paths away, we just add
a new level.
In total, this gives us the error bound and computational complexity as explained below [3].
Let Θl (X) be independent estimators with Ml realisations of X, with
!
L p
X
p
Ml = 2ε−2 Vl ∆l
Vi /∆i ,

(8)

i=0

where Vl is the variance of Θ̂l , ∆l is the stepsize at level l and ε2 is the chosen mean square error, i.e.
E[(P̃ ∆ − E[P ])2 ] < ε2 .
If there exists positive constants α ≥ 1/2, β, c1 , c2 and c3 such that
1. |E[P̃ ∆ − P ]| ≤ c1 ∆α ,
2. Θl is unbiased,
3. Cl the computational complexity of Θ̂l , is bounded by Cl ≤ c2 ∆−1
l ,
4. var(Θ̂l ) ≤ c3 ∆βl ,
then there exists a positive constant c4 such that the multilevel estimator, P̃ ∆ , satisfies the mean square
bound with computational complexity

−2

c4 ε , β > 1,
C ≤ c4 ε−2 (logε)2 , β = 1,
(9)

 −2−(1−β)/α
c4 ε
, 0 < β < 1.
Out of the four conditions, the difficult one to satisfy is the fourth. The classical way to satisfy is through
the strong convergence, i.e. if the numerical integrator is of strong order β/2 then var(Θ̂l ) = O(∆βl ) [1],
this is the classical (strong) MLMC.
However, requiring strong convergence, when one is only interested in the expected value is not suitable.
This is especially clear for Lévy driven assets as the exact Lévy increments are typically very time consuming
or sometimes even impossible to simulate. Belomestny and Nagapetyan [1] then introduced the weak MLMC
scheme which relax the requirement of strong convergence with the aid of coupling idea. The key difference
between weak and strong MLMC schemes is that in strong version, we can reuse already calculated paths
as the level increases.
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Main results

Consider a jump-diffusion process (Xt )t≥0
dXt = r(Xt− )dt + σ(Xt− )dWt + h(Xt− )dJt ,

(10)

with Xt− = lims→t− Xs , Xt = lims→t+ Xs and
J(t) =

Nt
X

(Yi − 1)

i=1

where Yi are random variables and Nt is a counting process, typically Nt is the Poisson process, which for
Yi i.i.d. makes Jt a compound Poisson process. As usual the functions r, σ and h satisfy the global Lipschitz
condition and the linear growth condition, to make the problem well defined.
The standard simulation of the above is to first simulate the arrival times of the counting process and
then add these points to the initial discretisation. The simulation of counting processes is in itself not an
efficient task, but additionally for high intensities, this causes that we take significantly smaller steps than
wanted. To circumvent this, we would like to use a weak approximation.
For this, assume that Nt is indeed the Poisson process, then as discussed by [1], we can gather the jumps
on the discretisation points, and use the binomial distribution to simulate the number of jumps, ηl,i at each
level l and discretisation point i,
ηl,i = Bin(2L−l , 2−L λ),
where λ is the intensity parameter of the Poisson process. Note that the second argument is the probability
of a single outcome under the Bernoulli model, thus that value have to be 0 ≤ 2−L λ ≤ 1 and one have to
ensure that the initial number of levels is sufficiently high. On the other hand, the i.i.d. random variables
ξj satisfying in
|E[ξj ]| + E[ξj2 ] − ∆ + E[ξj3 ] = O(∆2 ).
is applied to weak approximation of the Brownian increments on step j, where ∆ is the time step. The
simplest way to construct such variables is given by the two point distribution [4]
√
1
P (ξj = ± ∆) = .
2
Thus applying the weak MLMC, we observe that we sum together shifted and scaled Bernoulli random
numbers, which can be generated by the Binomial distribution


ξj,l
L−l−1
L−l 1
√
+2
∼ Bin 2 ,
.
2
2 ∆L
Note that one should use table lookup methods or similar algorithms to generate the Binomial random
numbers rather than using a sum of Bernoulli numbers to achieve a speed up. See [1] for a discussion.
However, the classical Box-Müller or the newer Ziggurat method are so efficient at generating standard
normal numbers, the weak MLMC is not necessarily faster than the standard MLMC.
1-Dimensional Merton Jump-Diffusion
Consider the asset driven by jump-diffusion problem with linear functions



2
dXt = r − λ · em+0.5θ − 1 Xt− dt + σXt− dWt + Xt− dJt ,

(11)

where Nt is the Poisson process with intensity λ and ln(Yi ) ∼ N (m, θ2 ), which is simulated per se. and not
changed to a weak version.
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We are once again interested in the European option
f (XT ) = e−rT max(XT − K, 0),
and the Asian option
−rT

f (Xt ) = e


max

1
T

Z

T


Xs ds − K, 0 ,

0

with parameters
r = 0.05,

σ = 0.2,

T = 1,

K = 1,

X0 = 1,

λ = 0.5,

m = 0.05,

θ = 0.25,

(12)

and let the algorithm automatically choose the right number of levels as ε = {2e−4, 1e−4, 5e−5, 2e−5, 1e−5}
is varied.

(a) European option

(b) Asian option

Figure 1: Merton jump-diffusion Model (value ≈ 0.1276 )
The results are shown in fig. 1. As expected we see first order variance reduction and weak convergence
for European option. The number of paths decrease by increasing the levels as they should be for the
MLMC algorithm. The computational complexity order is less than 2 as we expect for β = 1. The results
of Asian option shows better behavior in variance and convergence order which predictably can be duo to
more smoothness of payoff.
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